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1. Introduction. General approach to the stability study of periodic solutions
is related to a classical Lyapunov’s theorem based on a linear approximation [1-3].
This theorem reduces the stability study of periodic solutions to the stability of the
system linearized at the periodic motion. Since linearized systems contain periodic
coefficients the theory of parametric resonance can be applied. Such approach with
the analysis of Floquet multipliers is used in [4-6]. The other traditional approach
to stability study of periodic solutions is related to approximate averaging and
multiple scales methods which reduce original time-dependent dynamical systems
to autonomous systems. In this case stability study is reduced to analysis of fixed
points [7-9].
In the present paper we study the stability of periodic solutions of the harmonically excited Duffing’s equation with the direct application of the Lyapunov
theorem. The damping coefficient and excitation amplitude are assumed to be
small. Periodic solutions are found with the use of approximate methods. We derive the stability conditions and find stable and unstable regimes on the frequencyresponse curve. Two types of detuning parameter are considered and corresponding frequency-response curves are compared with the results obtained by numerical
simulation.
2. Duffing’s equation. We consider the harmonically excited Duffing’s equation
u_ + 2 ¹u_ + !02 u + ®u3 = f c o s t:
3 3 5

(1 )

Here it is assumed that the excitation frequency is close to the natural frequency  = !0 + ¾ (primary resonance), and the constants ¹; ®; f and ¾ are small
quantities of the same order o( 1 ) . Equation (1) admits a periodic solution in the
form [2]
u0 ( t) = a c o s ( t ¡ °) +

®a3
c o s ( 3 t ¡ 3 °) + o( ®) ;
3 2 !02

(2 )

where the term o( ®) contains higher harmonics, and the amplitude a and phase °
are constants of the order O( 1 ) satisfying in the first approximation the equations
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Formulas (3) and (4) were derived in [1, 2] using the method of multiple scales,
and similar relations were obtained in [7] with the use of the averaging method.
For given constants ; !0 ; ®; ¹; f (3) is a cubic equation on the unknown squared
amplitude a2.

Fig.1. Frequency-response curve of a Duffing’s oscillator near the primary resonance.

The plot of a as a function of  for given other quantities is called a frequencyresponse curve. To draw this curve it is convenient to express  from (3) as a function
of a
s
3 ®a2
f2
 = !0 +
§
¡ ¹2 :
(5 )
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This formula gives two branches + and ¡ lying respectively on the right and left
sides of the parabola  = !0 + 3 ®a2=8 !0 , see Fig 1. A typical frequency-response
curve for ® > 0 is presented in the same figure. Note that the cases ® > 0 and
® < 0 are symmetric with respect to the axis  = !0. Such multivaluable behavior
a( ) is typical for nonlinear systems. For some values  it is possible to have three
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different regimes a and ° of the periodic solution (2). Some of them might be
stable, and some unstable.
3. The stability study of periodic solutions. To study the stability of periodic
solution (2) we take small variation
u( t) = u0 ( t) + v( t) ;

(6 )

substitute this expression into (1), and then linearize the obtained equation with
respect to v( t) . Thus we get a linear equation for the variation
v_ + 2 ¹v_ + [!02 + 3 ®u20 ( t) ]v = 0 :

(7 )

According to Lyapunov’s theorem [3] the stability of periodic solution (2) is governed by equation (7). If the solution v( t) to this equation is stable, the periodic
motion (2) is stable, and vice versa.
Substituting (2) into (7) and omitting in the square brackets the terms of
higher order than O( ®) we find
v_ + 2 ¹v_ + [!02 + 3 ®a2 c o s 2( t ¡ °) ]v = 0 :

(8 )

Introducing notation ¿ = t ¡ ° we obtain damped Hill’s equation in the form
·
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Comparison with the standard Hill’s equation with damping [3,10] implies
¯=
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Calculating the Fourier coefficients we find the instability region in the first approximation as a semi-cone [3,10]
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The excitation frequency  and the amplitude a are related by formula (5). Condition (11) can be transformed to the inequality
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Verifying condition (12) for the branch ¡ from (5) for ® > 0 we obtain the inequality of the opposite sign implying the stability of the periodic solution (2).
Substituting in (12) the branch + from (5) we obtain that for ® > 0 it is satisfied
only when
a¤ < a < a¤¤ ;
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(1 3 )

where a¤ and a¤¤ are the two roots of the equation
f4
f2
=
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We note that equation (14) is equivalent to the condition d+ =da = 0 indicating
that the unstable regime (13) lies between the points A and B shown in Fig. 1 by
dashed line. Other parts of the branch + , shown in Fig. 1 by solid line, correspond
to the stable periodic solutions (2). The points A and B are the catastrophe points
due to a jump of the amplitude a. The case ® < 0 can be treated similarly.
Simple analysis of equation (14) shows that for nonzero !0 ; ¹; ®; f it possesses
two distinct roots 0 < a¤ < a¤¤ if the following inequality holds
¹6 !06
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<
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For the opposite sign of this inequality equation (14) has no real roots, and
in the case of equality in (15) it possesses a double real root. If condition (15) is
violated then periodic solution (2) is stable on both branches ¡ , + and there is
no jump in the amplitude a on the frequency-response curve.

Fig. 2. Frequency-response curves with f = 0 :1 , ¹ = 0 :0 5 , !0 = 1 and ® = 1 =3 . Solid
line: analytical solution (5). Circles: numerical solution.

A real frequency-response curve (5) for Duffing’s equation at the specific
values of parameters is presented and compared with numerical simulation results
in Fig. 2. It is seen that in this case the part AB corresponding to the unstable
regime of the curve is almost vertical since inequality (15) is satisfied but the roots
a¤ and a¤¤ are very close to each other.
It is interesting to observe that the frequency-response curve changes if we
introduce another detuning parameter 2 ¡ !02 = ¾ where ¾ is the small parameter
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of the same order as ®. Then instead of (3) the analytical expression for the curve
takes the form [11]
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In spite of expressions (3) and (16) are asymptotically equivalent near the primary
resonance, in this case we have better agreement between analytical and numerical
simulation results, Fig. 3.

Fig. 3. Frequency-response curve with f = 0 :1 , ¹ = 0 :0 5 , !0 = 1 and ® = 1 =3 . Solid line:
analytical solution with the modified detuned parameter (16). Circles: numerical solution.
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The stability study of periodic solutions for Duffing’s equation is investigated. The
method of the investigation is related to direct application of the Lyapunov theorem for the
stability of periodic motions based on a linear approximation. For the harmonically excited
Duffing’s equation we examine the stability of periodic solutions obtained approximately
with the use of the perturbation technique. For primary resonance we reduce the stability
problem to the stability study of solutions of a linear Mathieu-Hill equation. The stability
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conditions are derived on the frequency-response curve, both stable and unstable regimes
are found. Two types of detuning parameter are considered and corresponding frequencyresponse curves are compared with the results obtained by numerical simulation.

Èíîñòðàííûé ÷ëåí ÍÀÍ ÐÀ À. Ï. Ñåéðàíÿí, Ó. Âàíã
Îá óñòîé÷èâîñòè ïåðèîäè÷åñêèõ ðåøåíèé äëÿ óðàâíåíèÿ Äóôôèíãà
Èññëåäîâàíà óñòîé÷èâîñòü ïåðèîäè÷åñêèõ ðåøåíèé äëÿ óðàâíåíèÿ Äóôôèíãà.
Ìåòîä èññëåäîâàíèÿ îñíîâàí íà ïðÿìîì ïðèìåíåíèè òåîðåìû Ëÿïóíîâà îá óñòîé÷èâîñòè ïåðèîäè÷åñêèõ ðåøåíèé ïî ëèíåéíîìó ïðèáëèæåíèþ.

Äëÿ óðàâíåíèÿ

Äóôôèíãà ñ ãàðìîíè÷åñêèì âîçáóæäåíèåì èññëåäóåòñÿ óñòîé÷èâîñòü ïåðèîäè÷åñêèõ
ðåøåíèé, ïîëó÷åííûõ ïðèáëèæåííî ñ ïîìîùüþ ìåòîäà âîçìóùåíèé. Äëÿ îñíîâíîãî
ðåçîíàíñà èññëåäîâàíèå óñòîé÷èâîñòè ñâîäèòñÿ ê àíàëèçó îáëàñòåé óñòîé÷èâîñòè
äëÿ ëèíåéíîãî óðàâíåíèÿ Ìàòüå – Õèëëà. Ïîëó÷åíû óñëîâèÿ óñòîé÷èâîñòè è íà
àìïëèòóäíî-÷àñòîòíîé êðèâîé óêàçàíû óñòîé÷èâûå è íåóñòîé÷èâûå ðåæèìû. Ðàññìîòðåíû äâà âèäà ïàðàìåòðîâ ðàññòðîéêè è ïðîâåäåíî ñðàâíåíèå àìïëèòóäíî÷àñòîòíûõ õàðàêòåðèñòèê ñ ðåçóëüòàòàìè ÷èñëåííîãî ìîäåëèðîâàíèÿ.

ÐÐ ¶²² ³ñï³ë³ÑÙ³ÝÛ³Ý ³Ý¹³Ù ². ä. ê»Ûñ³ÝÛ³Ý, àõ. ì³Ý·
¸áõýÇÝ·Ç Ñ³í³ë³ñÙ³Ý å³ñµ»ñ³Ï³Ý ÉáõÍáõÙÝ»ñÇ Ï³ÛáõÝáõÃÛ³Ý Ù³ëÇÝ
Ð»ï³½áïí³Í ¿ ¸áõýÇÝ·Ç Ñ³í³ë³ñÙ³Ý å³ñµ»ñ³Ï³Ý ÉáõÍáõÙÝ»ñÇ Ï³ÛáõÝáõÃÛáõÝÁ:
Ð»ï³½áïáõÃÛ³Ý Ù»Ãá¹Á ÑÇÙÝí³Í ¿ ·Í³ÛÇÝ Ùáï³íáñáõÃÛ³Ùµ Ï³ÛáõÝáõÃÛ³Ý å³ñµ»ñ³Ï³Ý
ÉáõÍáõÙÝ»ñÇ íñ³ ÈÛ³åáõÝáíÇ Ã»áñ»ÙÇ áõÕÕ³ÏÇ ÏÇñ³éÙ³Ùµ:

Ð»ï³½áïí³Í ¿ Ñ³ñÙáÝÇÏ

·ñ·éí³Í ¸áõýÇÝ·Ç Ñ³í³ë³ñÙ³Ý Ñ³Ù³ñ å³ñµ»ñ³Ï³Ý ÉáõÍáõÙÝ»ñÇ Ï³ÛáõÝáõÃÛáõÝÁ, áñáÝù
ëï³óíáõÙ »Ý Ùáï³íáñ Ó»õáí ·ñ·éÙ³Ý Ù»Ãá¹Ç û·ÝáõÃÛ³Ùµ:

Î³ÛáõÝáõÃÛ³Ý Ñ»ï³½áïáõ-

ÃÛáõÝÁ ÑÇÙÝ³Ï³Ý é»½áÝ³ÝëÇ Ñ³Ù³ñ µ»ñíáõÙ ¿ Ø³ÃÛ» - ÐÇÉÉÇ ·Í³ÛÇÝ Ñ³í³ë³ñÙ³Ý
Ï³ÛáõÝáõÃÛ³Ý ïÇñáõÛÃÝ»ñÇ ³Ý³ÉÇ½Ç: êï³óí³Í »Ý Ï³ÛáõÝáõÃÛ³Ý å³ÛÙ³ÝÝ»ñÁ, »õ óáõÛó »Ý
ïñí³Í É³ÛÝáõÛÃ³Ñ³×³Ë³ÛÇÝ Ïáñ³·ÍÇ íñ³ Ï³ÛáõÝ »õ ³ÝÏ³ÛáõÝ é»ÅÇÙÝ»ñÁ: ¸Çï³ñÏí³Í »Ý
Ë³Ý·³ñÙ³Ý »ñÏáõ ï»ë³Ï å³ñ³Ù»ïñ»ñ, »õ ³ñí³Í ¿ É³ÛÝáõÛÃ³Ñ³×³Ë³ÛÇÝ µÝáõÃ³·ñÇãÝ»ñÇ
Ñ³Ù»Ù³ïáõÃÛáõÝÁ Ãí³ÛÇÝ Ùá¹»É³íáñÙ³Ý ³ñ¹ÛáõÝùÝ»ñÇ Ñ»ï:
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