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1. A sequence of trigonometric Hermite interpolation polynomials with
equidistant interpolation nodes and uniform multiplicities is investigated. Conver-
gence acceleration based on the Eckhoff approach is considered. Corresponding
asymptotic error is derived.

2. In this paper we continue investigations started in [1], where the sequence
Tp;N ( f ) ( x ) , p ¸ 1 , N ¸ 1 of trigonometric Hermite interpolation polynomials is
considered. This method of construction of the trigonometric Hermite interpolants
may be considered as a continuation of the method of Berrut and Welcher [2]. Con-
vergence acceleration is achieved by application of the Krylov-Lanczos approach
([3], [4]) that uses the idea of subtracting a polynomial which represents the discon-
tinuities in the function and some of its first derivatives (jumps). In [1] we assume
that the exact values of the jumps are known. Here we consider the problem of
jumps approximation based on the Eckhoff approach ([5]).

Let f 2 Cp¡1[¡ 1 ; 1 ], p ¸ 1 . Let ·f
(j)
m denote the discrete Fourier coefficients of

f (j)

·f (j)m :=
1

2 N + 1

NX

k=¡N
f (j) ( xk ) e

¡i¼mxk ; xk =
2 k

2 N + 1
; j = 0 ; ¢ ¢ ¢ ; p¡ 1 ; jmj · N:

We set ·fn := ·f
(0)
n .
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In [1] we derive relatively compact formula for the trigonometric Hermite in-
terpolation that gives the interpolants as functions of the coefficients in the discrete
Fourier coefficients of the derivative values

Tp;N ( f ) ( x) :=

N(1+¾)X

m=¡N(1¡¾)

p¡1X

j=0

·f (j)m

[p¡1
2

]X

k=¡[ p
2
]

ck;j ( m ) ei¼(m+k(2N+1))x:

Here ¾ = 0 for odd values of parameter p, ¾ = 1 for even values and [x] denotes
the greatest integer less than or equal to x. Numbers ck;j ( m ) are defined by the
formula

ck;j ( m ) :=
1

( i¼ ( 2 N + 1 ) ) j
¯k;j

µ
m

2 N + 1

¶
;

where

¯k;j ( x ) :=
1

[ p¡1
2

]Y

`=¡[ p
2
]

` 6=k

( k ¡ )̀

pX

s=j+1

( ¡ 1 ) p¡s½s ( x ) ( x+ k ) s¡j¡1 ( 1 )

and the ½j ( x) are coefficients of the polynomial

[ p¡1
2

]Y

s=¡[p
2
]

( y + ( x+ s) ) =

pX

s=0

½s ( x) y
s: ( 2 )

The accelerating convergence of Tp;N ( f ) is achieved ([1]) by the Krylov-
Lanczos approach. Let Ak ( f ) be the jump of the k-th derivative of function f

Ak ( f ) := f (k) ( 1 ) ¡ f (k) ( ¡ 1 ) ; k = 0 ; ¢ ¢ ¢ ; q:

The following expansion is crucial for the Krylov-Lanczos approach

f ( x ) = F ( x ) +

q¡1X

k=0

Ak ( f ) Bk ( x) ; ( 3 )

where theBk are 2-periodic extensions of the Bernoulli polynomials with the Fourier
coefficients

Bk;n :=

8
<
:
0 ; n = 0 ;

(¡1)n+1

2(i¼n)k+1 ; n 6= 0 ;

and F is a 2-periodic and smooth function (F 2 Cq¡1 ( R) ) on the real line.
Approximation of F in ( 3 ) by Tp;N ( f ) , for q ¸ p, leads to the Hermite-K rylov-

L anczos interpolation ([1])
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Tq;p;N ( f ) ( x) :=

N(1+¾)X

m=¡N(1¡¾)

p¡1X

j=0

·F (j)
m

[ p¡1
2

]X

k=¡[ p
2
]

ck;j ( m ) ei¼(m+k(2N+1))x +

q¡1X

k=0

Ak ( f ) Bk ( x ) ;

where the coefficients ·F (j)
m can be calculated from ( 3 ) .

We put
Rq;p;N ( f ) ( x ) := f ( x ) ¡ Tq;p;N ( f ) ( x)

and by jjf jj we denote the standard norm in the space L2 ( ¡ 1 ; 1 )

jjf jj :=
µZ 1

¡1
jf ( x) j2dx

¶1=2
:

The next theorem reveals the asymptotic behavior of the Hermite-Krylov-
Lanczos interpolation.

Theorem 1. [1] Let f 2 Cq[¡ 1 ; 1 ], q ¸ 1 be such that f (q) is absolutely contin-
uous on [¡ 1 ; 1 ]. Then the following estimate holds for q ¸ p

lim
N!1

( 2 N + 1 ) q+
1
2kRq;p;N ( f ) k = jAq ( f ) jt ( q; p ) ;

t ( q; p ) :=
1p

2 ¼q+1

ÃZ 1+¾
2

¡ 1¡¾
2

[p¡1
2

]X

k=¡[ p
2
]

¯̄
¯̄
¯

p¡1X

j=0

¯k;j ( x )
X

s

¤ ( ¡1 ) s

( x+ s) q¡j+1

¯̄
¯̄
¯

2

dx+
2 2q+2

( 2 q + 1 ) p2q+1

!1
2

;

where
X

s

¤
:=

¡[ p
2
]¡1X

s=¡1
+

1X

s=[ p¡1
2

]+1

and the ¯k;j are defined by ( 1 ) .
Numerical values of t ( q; p ) are presented in Table 1.

Ta b le 1 : Numerical values of t( q; p) .

q n p 1 2 3 4 5

1 0:24 ¡ ¡ ¡ ¡
2 0:11 0:025 ¡ ¡ ¡
3 0:063 9:4 ¢ 10¡3 3:6 ¢ 10¡3 ¡ ¡
4 0:034 2:4 ¢ 10¡3 5:8 ¢ 10¡4 2:2 ¢ 10¡4 ¡
5 0:020 7:7 ¢ 10¡4 1:5 ¢ 10¡4 5:0 ¢ 10¡5 2:3 ¢ 10¡5

3. First we consider the problem of the jumps approximation by the Fourier
coefficients f (j)

n . In view of ( 3 ) we write

·F (j)
n = ·f (j)n ¡

q¡1X

k=j

Ak ( f ) ·Bk¡j;n; n 6= 0 ; j = 0 ; ¢ ¢ ¢ ; p¡ 1 : ( 4 )
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Taking into account that ·F (j)
n asymptotically (n!1) decay faster than the coeffi-

cients ·f (j)n we get the following system of equations with unknowns eAk ( f;N )

·f (j)
n =

q¡1X

k=j

eAk ( f;N ) ·Bk¡j;n; n = n1; n2; : : : ; nq; j = 0 ; ¢ ¢ ¢ ; p¡ 1 : ( 5 )

In the remainder of this paper we will assume for simplicity that q is even.
Odd values of q can be handled similarly. We are interested in the case when
p = q.

For n = §N from ( 5 ) we derive

·f
(2j)
N =

q
2
¡1X

k=j

eA2k
·B2k¡2j;N +

q
2
¡1X

k=j

eA2k+1
·B2k¡2j+1;N ; 0 · j · q

2
¡ 1 ;

·f (2j)
¡N =

q
2
¡1X

k=j

eA2k
·B2k¡2j;¡N +

q
2
¡1X

k=j

eA2k+1
·B2k¡2j+1;¡N ; 0 · j · q

2
¡ 1 :

Taking into account the obvious relations

·B2k;¡n = ¡ ·B2k;n; ·B2k+1;¡n = ·B2k+1;n ( 6 )

we get

·f
(2j)
N ¡ ·f

(2j)
¡N

2
=

q
2
¡1X

k=j

eA2k
·B2k¡2j;N ; 0 · j · q

2
¡ 1 : ( 7 )

Similarly, we obtain

·f (2j+1)
N ¡ ·f (2j+1)

¡N
2

=

q
2
¡1X

k=j

eA2k+1
·B2k¡2j;N ; 0 · j · q

2
¡ 1 : ( 8 )

First we need the following lemma.
Lemma 1. The following estimate is true

·Bk;N =
( ¡ 1 ) N+1'k

2 ( i¼ ( 2 N + 1 ) ) k+1
+O ( N¡k¡2 ) ; N !1;

where

'k :=
1X

s=¡1

( ¡ 1 ) s

( s + 1
2
) k+1

:

Proof. We have

·Bk;N =
1X

s=¡1
Bk;N+s(2N+1) =

( ¡ 1 ) N+1

2 ( i¼ ) k+1

1X

s=¡1

( ¡ 1 ) s

( N ( 2 s+ 1 ) + s) k+1

=
( ¡1 ) N+1

2 ( i¼ ) k+1

1X

m=0

Ã
m+ k

k

!
( ¡ 1 ) m

Nm+k+1

1X

s=¡1

( ¡1 ) ssm

( 2 s+ 1 ) m+k+1
:
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This ends the proof.
The next theorem reveals the accuracy of the jumps approximation by systems

( 7 ) and ( 8 ) .
Theorem 2. Let q ¸ 2 be an even number and f 2 Cq[¡ 1 ; 1 ] with absolutely

continuous f (q) on [-1,1]. Then the following estimates hold for the solutions of
systems ( 7 ) and ( 8 ) as N !1 and k = 0 ; ¢ ¢ ¢ ; q

2
¡ 1

eA2k ( f;N ) ¡ A2k ( f ) = Aq ( f )
ºk

( i¼ ( 2 N + 1 ) ) q¡2k
+ o( N¡q+2k ) ; ( 9 )

eA2k+1 ( f;N ) ¡ A2k+1 ( f ) = Aq+1 ( f )
ºk

( i¼ ( 2 N + 1 ) ) q¡2k
+ o( N¡q+2k ) ; ( 1 0 )

where the ºk are defined by the recurrent relation
q
2
¡1X

k=j

ºk '2k¡2j = 'q¡2j; j = 0 ; ¢ ¢ ¢ ; q
2
¡ 1 : ( 1 1 )

Proof. We start with the proof of estimate ( 9 ) . Lemma 1, Equations ( 4 ) and
( 5 ) imply as N !1 for j = 0 ; ¢ ¢ ¢ ; q

2
¡ 1

·f
(2j)
§N =

q¡1X

k=2j

Ak ( f ) ·Bk¡2j;§N +Aq ( f )
( ¡ 1 ) N+1'q¡2j

2 ( i¼ ( 2 N + 1 ) ) q¡2j+1
+ o ( N¡q+2j¡1 ) : ( 1 2 )

In view of relations ( 6 ) we get from ( 7 ) and ( 1 2 ) as N !1
q
2
¡1X

k=j

( eA2k ¡ A2k ) ·B2k¡2j;N = Aq ( f )
( ¡1 ) N+1'q¡2j

2 ( i¼ ( 2 N + 1 ) ) q¡2j+1
+ o ( N¡q+2j¡1 ) : ( 1 3 )

We proceed by the help of mathematical induction. For j = ( q¡ 2 ) =2 Equation ( 1 3 )

implies

( eAq¡2 ¡ Aq¡2 ) ·B0;N = Aq

( ¡1 ) N+1

2 ( i¼ ( 2 N + 1 ) ) 3
'2 + o( N¡3 )

which coincides with ( 9 ) when k = ( q ¡ 2 ) =2 . Suppose that ( 9 ) is valid for k =

j0; ¢ ¢ ¢ ; ( q ¡ 2 ) = 2 . For j = j0 ¡ 1 we have from ( 1 3 )

( eA2j0¡2 ¡ A2j0¡2 ) ·B0;N +

q
2
¡1X

k=j0

( eA2k ¡A2k ) ·B2k¡2j0+2;N

= Aq ( f )
( ¡ 1 ) N+1'q¡2j0+2

2 ( i¼ ( 2 N + 1 ) ) q¡2j0+3
+ o( N¡q+2j0¡3 ) :

Taking into account that ( 9 ) is valid for k = j0; ¢ ¢ ¢ ; ( q¡ 2 ) =2 we get (in view of ( 1 1 ) )

eA2j0¡2 ¡ A2j0¡2 =
Aq

2 ( i¼ ( 2 N + 1 ) ) q¡2j0+2

1

'0

0
@

q
2
¡1X

k=j0

ºk'2k¡2j0+2 ¡ 'q¡2j0+2

1
A

+ o ( N¡q+2j0¡2 ) =
Aq

2 ( i¼ ( 2 N + 1 ) ) q¡2j0+2
ºj0¡1 + o( N¡q+2j0¡2 ) :
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This ends the proof of the first estimate. The second can be proved similarly.
Suppose that eAk are determined from system ( 5 ) . We expand the interpolated

function in the form

f ( x ) = G ( x) +

q¡1X

k=0

eAk ( f;N ) Bk ( x) : ( 1 4 )

Approximation of G, for q ¸ p, by the trigonometric Hermite interpolation Tp;N ( f )

leads to the Hermite-E ckho® interpolation

eTq;p;N ( f ) ( x) :=

N(1+¾)X

m=¡N(1¡¾)

[ p¡1
2

]X

k=¡[p
2
]

p¡1X

j=0

·G(j)
m ck;j ( m ) ei¼(m+k(2N+1))x +

q¡1X

k=0

eAk ( f;N ) Bk ( x ) ;

where the ·G(j)
m can be calculated from ( 1 4 ) .

Denote

eRq;p;N ( f ) ( x ) := f ( x) ¡ eTq;p;N ( f ) ( x ) : ( 1 5 )

We are interested in asymptotic behavior of eRq;p;N . First we will proof some auxiliary
lemmas.

Let f (j)n be the Fourier coefficients of the j-th derivative of f

f (j)n :=
1

2

Z 1

¡1
f (j) ( x ) e¡i¼nxdx; j ¸ 0 :

We set fn := f (0)n .
Lemma 2. Let f 2 Cq[¡ 1 ; 1 ] for some q ¸ 1 and f (q) be absolutely continuous

on [¡ 1 ; 1 ]. Then for 0 · j · q ¡ 1 the following is true

G(j)
m = ( i¼m) jGm ¡

j¡1X

k=0

( Ak ( f ) ¡ eAk ( f;N ) )
( ¡1 ) m+1

2 ( i¼m ) k¡j+1
:

Proof. Due to integration by parts we get

G(j)
m = ( i¼m) jGm ¡

j¡1X

k=0

Ak ( G )
( ¡1 ) m+1

2 ( i¼m ) k¡j+1
:

This completes the proof as Ak ( G) = Ak ( f ) ¡ eAk ( f ) , k = 0 ; ¢ ¢ ¢ ; q ¡ 1 .
Lemma 3. Let q ¸ 2 be an even number and f 2 Cq[¡ 1 ; 1 ] with absolutely con-

tinuous f (q) on [-1,1]. Suppose that approximate values of the jumps are calculated
from systems ( 7 ) and ( 8 ) . Then the following estimate holds for 0 · j · q ¡ 1 as
N !1

G(j)
m =

( ¡ 1 ) mAq ( f )

2 ( i¼ ( 2 N + 1 ) ) q¡j+1

q
2X

k=[ j+1
2

]

ºk
( m
2N+1

) 2k¡j+1
+ o( N¡q+j¡1 )

( ¡ 1 ) m

m
2N+1

; m 6= 0 ;
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where ºq := ¡ 1 .
Proof. Expansion ( 1 4 ) implies for m 6= 0

G(j)
m =

q¡1X

k=j

( Ak ¡ eAk ) Bk¡j;m +AqBq¡j;m + o ( m¡q+j¡1 ) ; m!1:

Application of Theorem 2 leads to the required estimate.

The next investigates the Hermite-Eckhoff interpolation for even values of q
when the approximate values of the jumps are calculated from systems ( 7 ) and ( 8 ) .

Theorem 3. Let q ¸ 2 be an even number and f 2 Cq[¡ 1 ; 1 ] with absolutely
continuous f (q) on [-1,1]. Suppose that approximate values of the jumps are calcu-
lated from systems ( 7 ) and ( 8 ) . Then the following estimate holds

lim
N!1

( 2 N + 1 ) q+
1
2 keRq;q;Nk =

jAq ( f ) jp
2 ¼q+1
et( q )

et( q ) :=
Ã q

2
¡1X

k=¡ q
2

Z 1

0

¯̄
¯̄
¯

q
2
¡1X

`=0

º`

q¡1X

j=2`+1

¯k;j ( x )

q
2
¡1X

s=¡ q
2

( ¡ 1 ) s

( x+ s) 2`¡j+1

¡
q¡1X

j=0

¯k;j ( x )

q
2X

`=[ j+1
2

]

º`
X

s

¤ ( ¡ 1 ) s

( x+ s) 2`¡j+1

¯̄
¯̄
¯

2

dx+
X

k

¤
Z 1

0

¯̄
¯̄
¯̄

q
2X

`=0

º`
( x+ k ) 2`+1

¯̄
¯̄
¯̄

2

dx

!1
2

;

where

X

k

¤
=

1X

k= q
2

+

¡ q
2
¡1X

k=¡1
;

ºq := ¡1 and the ¯k;j and the º` are defined by ( 1 ) and ( 1 1 ) , respectively.
Proof. Taking into account that

·G(j)
m =

1X

s=¡1
G

(j)

m+s(2n+1) ( 1 6 )

it is easy to verify that

k eRq;q;N ( f ) k2 = 2
2NX

m=0

q
2
¡1X

k=¡ q
2

¯̄
¯̄
¯Gm+k(2N+1) ¡

q¡1X

j=0

ck;j ( m ) ·G(j)
m

¯̄
¯̄
¯

2

+ 2

2NX

m=0

X

k

¤ ¯̄
Gm+k(2N+1)

¯̄2
: ( 1 7 )
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Application of Lemmas’ 2, 3 and Theorem 2 yields

Gm+k(2N+1) ¡
q¡1X

j=0

ck;j ( m) ·G(j)
m =

( ¡1 ) m+1Aq ( f )

2 ( i¼ ( 2 N + 1 ) ) q+1

£
Ã
¡

q
2
¡1X

`=0

º`

q¡1X

j=2`+1

¯k;j

µ
m

2 N + 1

¶ q
2
¡1X

s=¡ q
2

( ¡ 1 ) s
¡

m
2N+1

+ s
¢2`¡j+1

+

q¡1X

j=0

¯k;j ( tm )

q
2
¡1X

`=[ j+1
2

]

º`
X

s

¤ ( ¡ 1 ) s
¡

m
2N+1

+ s
¢2`¡j+1

!
+ o ( N¡q¡1 ) :

Replacing the last into ( 1 7 ) , taking into account Lemma 3, and then, tending N to
infinity by replacing the Riemann’s sums with the corresponding integrals we get
the required estimate.

In Table 2 we present the numerical values of et ( q ) for different values of q
(also for odd values).

Ta b le 2 : Numerical values of et ( q ) .
q = 1 q = 2 q = 3 q = 4 q = 5

0:24 0:2 0:04 0:01 2 ¢ 10¡3

Comparison of Theorems 1 and 3 shows that approximation of the jumps by
systems ( 7 ) and ( 8 ) doesn’t degrade the rate of convergence, it influences only on
the constant t ( p; q ) (see Theorem 1).
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A. V. Poghosyan

Asymptotic Behavior of Hermite-Eckhoff Interpolation

A sequence of Hermite trigonometric interpolation polynomials with equidistant in-

terpolation nodes and uniform multiplicities is investigated. We derive relatively compact

formula that gives the interpolants as functions of the coefficients in the DFTs of the

derivative values. The coefficients can be calculated by the FFT algorithm. Convergence

acceleration based on the Eckhoff method is considered. Approximation of jumps is ex-

plored and the corresponding exact constant of the asymptotic error is obtained.
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À. Â. Ïîãîñÿí

Àñèìïòîòèêà èíòåðïîëÿöèè Ýðìèòà-Ýêãîôà

Èçó÷åíà ýðìèòîâà òðèãîíîìåòðè÷åñêàÿ ðàâíîîòñòîÿùàÿ èíòåðïîëÿöèÿ è ïðåä-

ñòàâëåíà ÿâíàÿ ôîðìóëà, êîòîðàÿ ðåàëèçóåòñÿ ïîñðåäñòâîì äèñêðåòíîãî ïðåîáðàçîâà-

íèÿ Ôóðüå çíà÷åíèé ôóíêöèè è åå ïðîèçâîäíûõ. Ðàññìàòðèâàþòñÿ çàäà÷à óñêîðåíèÿ

ñõîäèìîñòè ñ ïðèìåíåíèåì ìåòîäà Ýêãîôà è ïðîáëåìà àïïðîêñèìàöèè ñêà÷êîâ.

Ïîëó÷åíà àñèìïòîòè÷åñêè òî÷íàÿ îöåíêà îøèáêè.

². ì. äáÕáëÛ³Ý

Ð»ñÙÇï-¾ÏÑáýÇ ÇÝï»ñåáÉÛ³óÇ³ÛÇ ³ëÇÙåïáï³Ï³Ý í³ñùÁ

àõëáõÙÝ³ëÇñíáõÙ ¿ Ð»ñÙÇïÇ »é³ÝÏÛáõÝ³ã³÷³Ï³Ý Ñ³í³ë³ñ³Ñ»é Ñ³Ý·áõÛóÝ»ñáí ÇÝ-

ï»ñåáÉÛ³óÇ³Ý, »õ í»ñçÇÝÇë Ñ³Ù³ñ Ý»ñÏ³Û³óíáõÙ ¿ µ³ó³Ñ³Ûï µ³Ý³Ó»õ‘ ýáõÝÏóÇ³ÛÇ »õ
Ýñ³ ³Í³ÝóÛ³ÉÝ»ñÇ üáõñÇ»Ç ¹ÇëÏñ»ï Ó»õ³÷áËáõÃÛáõÝÝ»ñÇ ï»ñÙÇÝÝ»ñáí: àõëáõÙÝ³ëÇñíáõÙ ¿

ÇÝï»ñåáÉÛ³óÇ³ÛÇ ½áõ·³ÙÇïáõÃÛ³Ý ³ñ³·³óÙ³Ý ËÝ¹ÇñÁ, ¾ÏÑáýÇ Ñ³ÛïÝÇ Ù»Ãá¹Ç ÏÇñ³éÙ³Ùµ:

¸Çï³ñÏíáõÙ ¿ ÃéÇãùÝ»ñÇ Ùáï³ñÏÙ³Ý ËÝ¹ÇñÁ »õ ëï³óíáõÙ »Ý ÇÝï»ñåáÉÛ³óÇ³ÛÇ ëË³É³ÝùÇ

³ëÇÙåïáïáñ»Ý ×ß·ñÇï ·Ý³Ñ³ï³Ï³ÝÝ»ñÁ:
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