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Introduction. The geometric characterization ( GCn ) for multivariate inter-
polation is equivalent to the existence of a Lagrange formula with fundamental
polynomials that are products of n linear factors. The Gasca-Maeztu conjecture
for Rk is: for any GCn set in Rk there is a hyperplane (called maximal hyperplane)
passing through dim¦ k¡1

n points of that set. The conjecture for k = 2 has only been
proved for degrees n · 4 (see e.g. [1], [2], [3]) and for k = 3 only for degrees n · 2

[4]. The maximal hyperplanes play important role in the study of GCn sets. In this
paper we give a precise lower estimate for the number of maximal planes for GC2

sets in R3.
1. Auxiliary Results. Let ¦ k

n := ¦ n ( R
k ) be the space of all polynomials in k

variables of total degree not exceeding n, whose dimension is

Ã
n+ k

k

!
. Let us

fix any finite set X = fx(1); x(2); : : : ; x(d)g ½ Rk as the set of knots of interpolation
and pose the

Lagrange interpolation problem. Given X = fx(1); x(2); : : : ; x(d)g ½ Rk and any

values c1; c2; : : : ; cd, find p 2 ¦ k
n such that p( x

(j) ) = cj , j = 1 ; 2 ; : : : ; d.

Every polynomial p of degree not exceeding n can be written in the form
p( x ) =

P
j®j·n

a®x
®, and the interpolation conditions give rise to the following system

of d equations and

Ã
n+ k

k

!
unknowns:

p( x(j) ) =
X

j®j·n
a® ( x

(j) ) ® = cj ; j = 1 ; 2 ; : : : ; d; ( 1 :1 )
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where a® are the unknowns.
An interesting problem in multivariate interpolation is to infer the existence

and uniqueness of the solution of the Lagrange interpolation problem from the
distributions of the points in X. This leads to the following

Definition 1.1. We say that a set X ½ Rk is ¦ k
n-correct, if the Lagrange inter-

polation problem for X and ¦ k
n has a unique solution for any values c1; c2; : : : ; cd.

From (1.1) we get that a necessary condition for a set X to be ¦ k
n-correct is

that d =

Ã
n+ k

k

!
. In that case the linear system (1.1) has the same number of

equations and unknowns. Hereon we assume that this condition holds. Then the
set X is ¦ k

n-correct, if and only if there exists no p 2 ¦ k
n vanishing at all the points

of X. This condition means geometrically that no algebraic hypersurface of degree
not exceeding n passes through all the points of X.

We say that p 2 ¦ k
n is a fundamental polynomial or Lagrange polynomial

associated to the knot A = x(i) 2 X, if p( x(j) ) = ±ij, 1 · j · d, where ±ij is the symbol
of Kronecker. From now on we will denote the above fundamental polynomial by
p¤A := p¤i .

Note that the set X is ¦ k
n-correct if and only if all interpolation knots have

fundamental polynomials. Furthermore, in the case of correctness the solution p
of the Lagrange interpolation problem can be expressed by the Lagrange formula

p =
dP
j=1

p( x(j) ) ¢ p¤j .
Remark 1.1. Any fundamental polynomial is of exact degree n.
Indeed, let h be an arbitrary hyperplane ( degh = 1 ) vanishing at A. If deg ( p¤A ) <

n, then hp¤A 2 ¦ k
n vanishes at X, contradicting the correctness of X.

Now let us consider the construction of correct sets provided by Chung and
Yao.

Definition 1.2. (See [5]) A set of knots X ½ Rk, # X = d =

Ã
n+ k

k

!
is said to

satisfy the geometric characterization GCn, or is a GCn set for short, if for all A 2 X
there exist (at most) n affine functions hAi , i = 1 ; 2 ; : : : ; n, such that the union of all
hyperplanes hAi = 0 contains all knots of X n fAg, but not the knot A. We say that
fhAi = 0 ji = 1 ; 2 ; : : : ; ng is the set of hyperplanes used by the knot A.

Henceforth let us denote by h both the hyperplane and the affine function
which takes part in the equation of the hyperplane.

The GCn condition is equivalent to the existence of all fundamental polyno-

mials in form of products of linear factors: p¤A = °
nQ
i=1

hAi , where ° is a constant.

Therefore, if X satisfies the GCn condition, then it is ¦ k
n-correct. So the set of hy-

perplanes used by a knot must be unique, and by Remark 1.1, it contains exactly
n elements.
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2. Conjectures concerning GC sets. In 1982 Gasca and Maeztu made the
following conjecture.

GM-conjecture. (See [6]) For every GCn set X ½ R2 there is a line passing
through n+ 1 nodes of X.

A line containing n + 1 nodes of X is called a maximal line. So far the GM-
conjecture has been verified only for n · 4 (see [1], [2], [3]). Actually, the GM-
conjecture states that every Chung-Yao set (GC set) is a particular case of another
well-known construction, called Berzolari-Radon: there exist lines l0; l1; : : : ; ln, such
that li n ( l0 [ : : : [ li¡1 ) contains exactly n+ 1 ¡ i nodes (see e.g. [3]). Carl de Boor
generalized the GM-conjecture for Rk:

GMk-conjecture. (See [7]) For every GCn set X ½ Rk there is a hyperplane
passing through dim¦ k¡1

n knots of X.
A hyperplane containing dim¦ k¡1

n knots of X is called a maximal hyperplane.
We will use the following:
Proposition 2.1. ([7]) A hyperplane is maximal if and only if it is used by all

the knots not contained in it.
Note that the case of k = 2 was proved in [8].
In the plane, Carnicer and Gasca have strengthened the GM-conjecture by

proving the following:
Theorem 2.1. ([8]) If GM-conjecture is true, then there are at least three

maximal planes.
On the basis of this result C. de Boor made the following conjecture:
CGk-conjecture. ([7]) For every GC set in Rk there are at least k+ 1 maximal

hyperplanes.
He also brought a counterexample, which shows that this conjecture is not

true (see [7]).
In [4] it was proved that GMk-conjecture is true for ¦ 3

2. Which also shows that
the following natural generalization of Theorem 2.1 for k = 3 is not true:

² If GMk-conjecture is true, then there are at least k+ 1 maximal hyperplanes.
In the next section we prove that there exist at least 3 maximal planes for any

GC2 set in R3. The counterexample of C. de Boor (see also the example at the end
of the paper) shows that this result can not be improved.

3. The maximal planes of GC2 set in R3. From now on let us consider the GC2

set X ½ R3, # X =

Ã
2 + 3

3

!
= 1 0 . In [4] it was proved that in this case (i.e., for

k = 3 , n = 2 ) the GMk-conjecture is true. In other words there is a plane (maximal
plane) passing through dim¦ 2

2 = 6 knots of X. Denote this maximal plane by hmax.
In [4] also it was mentioned that the 6 knots of the maximal plane satisfy the GC2

condition in R2. We will use the following result (see [4], Lemma 3.1 and Lemma
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3.2):
Lemma 3.1. Let a set of knots X ½ R3 satisfy GCn. Then the following hold:
(i) If a line l passes through n + 1 knots of X, then any knot not lying on l

uses a plane passing through the line l.
(ii) There is no line passing through n+ 2 knots of X.
Definition 3.1. We say that the distinct lines l1; l2; : : : ; lq in the plane are in

general position, if no two of them are parallel and no three are concurrent.
Definition 3.2. We say that six nodes in the plane have ¢ -structure with three

lines in general position if three nodes are the vertices of the triangle, formed by
the lines, and the remaining three lie one by one on the lines (see Fig. 1).

Fig. 1. ¢ -structure.

We will use the following:
Proposition 3.1. The nodes of any GC2 set in R2 have ¢ -structure.
Proof. Since the set of six points satisfies GC2 in R2 then any five of them lie

on two lines. Hence there are three nodes, for example A;C1; B, lying on a line.
The remaining nodes: A1; B1; C are non-collinear (see Fig. 1). Consider the 2 lines
used by A. It is evident that one of these lines should pass through exactly 1 node
from C1; B and 2 nodes from A1; B1; C. Without loss of generality assume that the
line passes through the nodes B;A1; C. Finally consider the node B. By the same
way we get the third line passing through 3 nodes.}

Now we have the following distribution of 10 knots of X: 6 knots are on the
plane hmax and have ¢ -structure (by Proposition 3.1), and the remaining 4 called
free knots not contained in hmax.

Remark 3.1. The 4 free knots are not coplanar. In particular no three of them
are collinear.

Indeed, since otherwise the product of hmax and the plane, which passes
through the 4 free knots, will be a non-trivial polynomial from ¦ 3

2 vanishing at
all knots of X.

Let us fix one of three lines passing through three knots of hmax and denote
by l¤. We have
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Lemma 3.2. Assume that there is no other maximal plane except hmax. Then
there exists a line passing through two free knots and one of three knots of hmaxn l¤.

Next, we have the following:
Proposition 3.2. There are at least two maximal planes for any GC2 set X in

R3.
The proof of Proposition 3.2 is based on Lemma 3.1 and Lemma 3.2.
Now let us formulate the basic result of the paper concerning the number of

maximal planes.
Theorem 3.1. There exist at least three maximal planes for any GC2 set X in

R3.
The proof of Theorem 3.1 is based on Proposition 3.2 and Lemma 3.1. Also

we use the fact that two maximal planes for X intersected by a line containing 3
knots. Indeed, otherwise if they have · 2 common knots, then we will have all the
knots on these 2 planes, which contradicts the correctness of X.

Let us mention that in the case k = 2 any node uses a maximal line if the GM-
conjecture is true (see [9], Proposition 2). In contrast with this the counterexample
of C. de Boor shows that there is a knot (namely, the knot K in the forthcoming
Fig. 3) which is not using a maximal plane. In addition we have

Corollary 3.1. For any GC2 set in R3 at most one knot is not using a maximal
plane in it’s fundamental polynomial.

Proof: By Theorem 3.1 there are at least 3 maximal planes for any GC2 set
in R3. Consider first the case of 4 maximal planes. Then for each knot there is
a maximal plane not passing through it, since according to [7], Fact 14(v), the
intersection of 4 maximal planes is empty. So by Proposition 2.1 each knot uses
a maximal plane. If there are 3 maximal planes then they intersect at exactly one
knot (see [7], Fact 14(iv)), which consequently is not using a maximal plane. For
any other knot there is a maximal plane not passing through it. This in view of
Proposition 2.1 completes the proof. }

4. Examples. For the sake of completeness let us bring two examples, which
show that the result of Theorem 3.1 can not be improved. Note that these exam-
ples essentially were introduced by Carl de Boor [7] for seemingly more specific
construction.

Example 1. Let us consider the following generalization of the ¢ -structure
for 10 knots in R3. Suppose we have four planes in general position, i.e., any three
planes intersect at exactly one point, and the four are not concurrent. Choose four
knots that are the vertices of the pyramid, formed by the planes, and the remaining
six knots, so called non-vertex, are lying one by one point on the lines containing
the edges of the pyramid (see Fig. 2).

This set of knots is a GC2 set in R3. Indeed, it is easily noticed that for any non-
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vertex knot there are two maximal planes not passing through it and containing
all other knots. Then for each fixed vertex of the pyramid there is a maximal plane
not passing through it. The second plane it uses is the one passing through the
remaining three knots.

Fig. 2. A GC2 set with 4 maximal planes.

Fig. 3. A GC2 set with 3 maximal planes.

Notice that in this example we have four maximal planes, which are the faces
of the pyramid.

Example 2. Let us fix any face of the pyramid, for example the base, and move
one of the non-vertex knots to the line passing through the remaining two non-
vertex knots in the same face (see Fig. 3). In this case we have only three maximal
planes. Besides the set of knots is also a GC2 set in R3. Indeed, for all knots except
K there is a maximal plane not passing through it. The second plane they use is
the plane passing through the remaining three knots. Finally, K uses the same
planes as in the first example but containing now 4 and 5 knots, respectively.

So we get a GC2 set in R3, which has exactly three maximal planes. This
proves that the result of Theorem 3.1 can not be improved.

Yerevan State University
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On a Conjecture on Lagrange Interpolation in R3

The geometric characterization ( GCn ) for multivariate interpolation is equivalent to

the existence of a Lagrange formula with fundamental polynomials that are products of n

linear factors. The Gasca-Maeztu conjecture for Rk is: for any GCn set in Rk there is a

hyperplane (called maximal hyperplane) passing through dim¦ k¡1
n points of that set. The

maximal hyperplanes play important role in the study of GCn sets. In this paper we give

a precise lower estimate for the number of maximal planes for GC2 sets in R3.

¶. ². øÃñÛ³Ý

R3-áõÙ È³·ñ³ÝÅÇ ÙÇç³ñÏÙ³Ý í»ñ³µ»ñÛ³É ÙÇ í³ñÏ³ÍÇ Ù³ëÇÝ

´³½Ù³ã³÷ ÙÇç³ñÏÙ³Ý Ñ³Ù³ñ »ñÏñ³ã³÷³Ï³Ý µÝáõÃ³·ÇñÁ ( GCn ) Ñ³Ù³ñÅ»ù ¿

È³·ñ³ÝÅÇ µ³Ý³Ó»õÇ ·áÛáõÃÛ³ÝÁ, áñÇ µáÉáñ ýáõÝ¹³Ù»Ýï³É µ³½Ù³Ý¹³ÙÝ»ñÁ n ·Í³ÛÇÝ

³ñï³¹ñÇãÝ»ñÇ ³ñï³¹ñÛ³É »Ý: Rk-áõÙ ¶³ëù³-Ø³»½ÃáõÇ í³ñÏ³ÍÁ Ñ»ï»õÛ³ÉÝ ¿. Rk-

áõÙ ó³ÝÏ³ó³Í GCn µ³½ÙáõÃÛ³Ý Ñ³Ù³ñ ·áÛáõÃÛáõÝ áõÝÇ ÑÇå»ñÑ³ñÃáõÃÛáõÝ (³ÛÝ ÏáãíáõÙ ¿

Ù³ùëÇÙ³É ÑÇå»ñÑ³ñÃáõÃÛáõÝ), áñÝ ³ÝóÝáõÙ ¿ ³Û¹ µ³½ÙáõÃÛ³Ý dim¦ k¡1
n Ï»ï»ñáí: Ø³ùëÇÙ³É

ÑÇå»ñÑ³ñÃáõÃÛáõÝÝ»ñÁ Ï³ñ»õáñ ¹»ñ »Ý Ë³ÕáõÙ GCn µ³½ÙáõÃÛáõÝÝ»ñÇ áõëáõÙÝ³ëÇñáõÃÛ³Ý Ù»ç:

²Ûë ³ßË³ï³ÝùáõÙ Ù»Ýù ï³ÉÇë »Ýù R3-áõÙ GC2 µ³½ÙáõÃÛ³Ý Ù³ùëÇÙ³É Ñ³ñÃáõÃÛáõÝÝ»ñÇ

ù³Ý³ÏÇ ×ß·ñÇï ëïáñÇÝ ·Ý³Ñ³ï³Ï³ÝÁ:

Ã. À. Êòðÿí

Î ãèïîòåçå, îòíîñÿùåéñÿ ê èíòåðïîëÿöèè Ëàãðàíæà â R3

Ãåîìåòðè÷åñêàÿ õàðàêòåðèñòèêà ( GCn ) äëÿ ìíîãîìåðíîé èíòåðïîëÿöèè ýêâè-

âàëåíòíà ñóùåñòâîâàíèþ ôîðìóëû Ëàãðàíæà, ôóíäàìåíòàëüíûå ïîëèíîìû êîòîðîé

ÿâëÿþòñÿ ïðîèçâåäåíèåì n ìíîæèòåëåé. Ãèïîòåçà Ãàñêà-Ìàåçòó âRk ñëåäóþùàÿ: äëÿ

ëþáîãî ìíîæåñòâà GCn â Rk ñóùåñòâóåò ãèïåðïëîñêîñòü (íàçûâàåòñÿ ìàêñèìàëüíîé

ãèïåðïëîñêîñòüþ), êîòîðàÿ ïðîõîäèò ÷åðåç dim¦ k¡1
n òî÷åê ýòîãî ìíîæåñòâà. Ìàêñè-

ìàëüíûå ãèïåðïëîñêîñòè èãðàþò âàæíóþ ðîëü â èçó÷åíèè ìíîæåñòâGCn. Ïðèâåäåíà

òî÷íàÿ íèæíÿÿ îöåíêà êîëè÷åñòâà ìàêñèìàëüíûõ ïëîñêîñòåé äëÿ ìíîæåñòâà GC2 â

R3.
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