
1111

MATHEMATICS

ÓÄÊ 517.518.85, 519.65, 519.652

A. V. Poghosyan

Fourier Formulae for Equidistant Hermite Trigonometric Interpolation

(Submitted by the academician A.B. Nersessian 22/X 2009)

Keywords: Hermite interpolation, trigonometric interpolation, Krylov-Lanczos inter-

polation, Bernoulli polynomials, convergence acceleration, Hermite-Krylov-Lanczos inter-

polation, quadrature formula

1. For a given smooth function f 2 Cp¡1[¡ 1 ; 1 ] we consider the sequence
Tp;N ( f ) ( x) , p ¸ 1 , N ¸ 1 , of trigonometric Hermite interpolation polynomials with
prescribed values

T
(s)
p;N ( f )

µ
2 k

2 N + 1

¶
= f (s)

µ
2 k

2 N + 1

¶
; s = 0 ; ¢ ¢ ¢ ; p¡ 1 ; jkj · N:

Trigonometric Hermite interpolation on equidistant nodes were discussed by
different authors (see, for example, Kress [1], Nersessian [2], Sahakyan [3] and
Berrut, Welscher [4] with references therein). A new idea has recently come up
in Hermite trigonometric interpolation: considering the separate discrete Fourier
transforms (DFTs) of the various derivatives of f and then writing the Hermite in-
terpolant in terms of the thereby obtained coefficients. Berrut and Welcher [4]
developed a formula for the Fourier coefficients in terms of those of the two classi-
cal trigonometric polynomials interpolating the values and those of the derivative
separately. This formula treats the most customary case, i.e., the classical Her-
mite interpolant that uses only the first order derivatives at every point for an even
number of equidistant points. As showed the authors this formula yields the co-
efficients with a single FFT. They also gave an aliasing formula for the error in
the coefficients which, on its turn, yields error bounds and convergence results for
differentiable as well as analytic functions.
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It is well known that the resulting error of Hermite trigonometric interpolation
is strongly dependent on the smoothness of the interpolated function. Interpola-
tion of a 2-periodic and smooth function is highly effective. When the interpolated
function has a point of discontinuity, the interpolation leads to the Gibbs phe-
nomenon. The oscillations caused by this phenomenon are typically propagated
into regions away from the singularity and degrade the quality of the approxi-
mations. Different ways of treating this deficiency have been suggested in the
literature for the case p = 1 . The idea of increasing the convergence rate by sub-
tracting a polynomial that represents the discontinuities in the function and some
of its first derivatives (“jumps”) was suggested by Krylov [5] in 1906 and later, in
1964, by Lanczos [6]. The key problem lies in determining the singularity ampli-
tudes that has been realized by Eckhoff [7-9] where the values of the “jumps” are
solutions of the corresponding system of linear equations. The Krylov-Lanczos and
the Krylov-Lanczos-Eckhoff methods were developed and generalized by a number
of authors, see [10-15] with references therein.

In this paper we consider trigonometric Hermite interpolation with equidistant
interpolation nodes and uniform multiplicities. Our method of construction of
the trigonometric Hermite interpolants may be considered as a continuation of
the method of Berrut and Welcher [4]. We derive relatively compact formula for
the trigonometric Hermite interpolation that gives the interpolants as functions of
the coefficients in the DFTs of the derivative values. We consider the case of an
odd number of equidistant points for an arbitrary high number of derivatives of
equal order at each of these nodes. Although we are discussing only the case of
odd number of points our approach is valid also for even number of nodes. The
accelerating convergence of interpolations were achieved by application of the
Krylov-Lanczos approach. We also give formulae for the corrections that should
be applied in order to soften the effect of the “jumps” at the endpoints when the
interpolated function is not periodic. In this paper it will be assumed that the exact
values of the “jumps” are known.

2. Let f 2 Cp¡1[¡1 ; 1 ], p ¸ 1 . Let ·f
(j)
m denote the discrete Fourier coefficients

of the j-th derivative of f

·f (j)
m :=

1

2 N + 1

NX

k=¡N
f (j) ( xk ) e¡i¼mxk ; xk =

2 k

2 N + 1
; j = 0 ; ¢ ¢ ¢ ; p¡ 1 ; jmj · N:

We set ·fm := ·f
(0)
m .

Following [4], the sequence Tp;N ( f ) , p ¸ 1 , N ¸ 1 , of Hermite trigonometric
interpolation polynomials will be defined by the formula

Tp;N ( f ) ( x ) :=

N(1+¾)X

m=¡N(1¡¾)

p¡1X

j=0

aj ( m) ·f (j)
m ;
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where ¾ = 0 for odd values of parameter p and ¾ = 1 for even values. The unknown
functions fajg will be determined from the condition that Tp;N ( f ) is exact for the set
of functions fei¼rxg, r = ¡N ( 1 ¡¾ ) ¡

£
p
2

¤
( 2 N +1 ) ; ¢ ¢ ¢ ; N ( 1 +¾ ) +

£
p¡1
2

¤
( 2 N +1 ) ; where

[x] denotes the greatest integer less than or equal to x. We set r = n + s( 2 N + 1 ) ,
n = ¡N ( 1 ¡ ¾ ) ; ¢ ¢ ¢ ; N ( 1 + ¾ ) ; s = ¡

£
p
2

¤
; ¢ ¢ ¢ ;

£
p¡1
2

¤
and obtain the system of linear

equations

ei¼(m+s(2N+1))x =

p¡1X

j=0

®j
s ( m) aj ( m) ; ( 1 )

with Vandermonde matrix, for determining the functions fajg, where

®s ( m) := i¼ ( m + s( 2 N + 1 ) ) :

We proceed as in [11] and construct the explicit solution of (1)

aj ( m) =

[ p¡1
2

]X

k=¡[ p
2
]

ck;j ( m) ei¼(m+k(2N+1)))x;

where

ck;j ( m) =
1

[ p¡1
2

]Y

`=¡[ p
2
]

` 6=k

( ®k ( m ) ¡ ®` ( m ) )

pX

s=j+1

°s ( m ) ®s¡j¡1
k ( m ) ; ( 2 )

and the °s are the coefficients of the polynomial

[p¡1
2

]Y

s=¡[ p
2
]

( x¡ ®s ( m ) ) =

pX

s=0

°s ( m) xs:

This leads to the explicit form of the trigonometric Hermite interpolants

Tp;N ( f ) ( x) =

N(1+¾)X

m=¡N(1¡¾)

p¡1X

j=0

·f (j)
m

[ p¡1
2

]X

k=¡[p
2
]

ck;j ( m) ei¼(m+k(2N+1))x: ( 3 )

Remark. Trigonometric Hermite interpolation Tp;N ( f ) ( x) realizes trigonomet-
ric Hermite interpolation for odd number of grid points. It is worth to mention
that overall idea of this section with further acceleration of convergence by the
Krylov-Lanczos method is valid also for even number of nodes.

T heor em 0.1 L et f 2 Cp¡1[¡ 1 ; 1 ], p ¸ 1 . Then Tp;N ( f ) is a trigonometric Hermite

interpolation of f on equidistant grid xk = 2k
2N+1

, jkj · N with uniform multiplicities

T
(s)
p;N ( f ) ( xk ) = f (s) ( xk ) ; s = 0 ; ¢ ¢ ¢ ; p¡ 1 :
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Definition of the coefficients °s implies

°s ( m) = ( ¡i¼ ( 2 N + 1 ) ) p¡s
X

¡[ p
2
]·k1<¢¢¢<kp¡s·[ p¡12 ]

kp¡sY

`=k1

µ
m

2 N + 1
+ `

¶
:

Inserting this into (2) we get for k = ¡
£
p
2

¤
; ¢ ¢ ¢ ;

£
p¡1
2

¤
and j = 0 ; ¢ ¢ ¢ ; p¡ 1

ck;j ( m ) =
1

( i¼ ( 2 N + 1 ) ) j
¯k;j

µ
m

2 N + 1

¶
; ( 4 )

where

¯k;j ( x ) :=
1

[ p¡1
2

]Y

`=¡[ p
2
]

` 6=k

( k ¡ )̀

pX

s=j+1

( ¡1 ) p¡s½s ( x ) ( x + k ) s¡j¡1; ( 5 )

and the ½j ( x ) are the coefficients of the polynomial

[p¡1
2

]Y

s=¡[ p
2
]

( y + ( x + s) ) =

pX

s=0

½s ( x) ys: ( 6 )

Integration of the interpolation Tp;N ( f ) ( x ) over the interval ( ¡1 ; 1 ) leads to the
quadrature formula

Qp;N ( f ) :=

Z 1

¡1
Tp;N ( f ) ( x ) dx =

2

[ p¡1
2

]Y

`=¡[p=2]
` 6=0

`

p¡1X

j=0

( ¡ 1 ) j½j+1 ( 0 )

( i¼ ) j ( 2 N + 1 ) ) j+1

NX

k=¡N
f (j) ( xk ) :

3. For f 2 Cq[¡ 1 ; 1 ] denote by Ak ( f ) the “jump” of the k-th derivative of f

Ak ( f ) := f (k) ( 1 ) ¡ f (k) ( ¡ 1 ) ; k = 0 ; ¢ ¢ ¢ ; q:

Throughout the paper it will be assumed that the exact values of the “jumps” are
known.

By f
(j)
n define the Fourier coefficients of the j-th derivative of f

f (j)
n :=

1

2

Z 1

¡1
f (j) ( x ) e¡i¼nxdx; j ¸ 0 :

We set fn := f (0)
n .

The following lemma is crucial for the Krylov-Lanczos method.
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Lemma 0.2 Suppose f 2 Cq[¡ 1 ; 1 ] for some q ¸ 1 . Then the following formula holds

for n 6= 0

fn =
( ¡1 ) n+1

2

q¡1X

k=0

Ak ( f )

( i¼n) k+1
+

1

2 ( i¼n) q

Z 1

¡1
f (q) ( x) e¡i¼nxdx: ( 7 )

Equation (7) implies the basic expansion

f ( x) = F ( x) +

q¡1X

k=0

Ak ( f ) Bk ( x ) ( 8 )

of the approximated function where the Bk are 2-periodic extensions of the
Bernoulli polynomials with the Fourier coefficients

Bk;n :=

8
<
:

0 ; n = 0 ;

(¡1)n+1

2(i¼n)k+1 ; n 6= 0 ;

and F is a 2-periodic and smooth function (F 2 Cq¡1 ( R ) ) on the real line with the
discrete Fourier coefficients

·Fn = ·fn ¡
q¡1X

k=0

Ak ( f ) ·Bk;n: ( 9 )

It is well known that [6]

B0 ( x ) =
x

2
; Bk ( x) =

Z
Bk¡1 ( x) dx;

Z 1

¡1
Bk ( x ) dx = 0 :

Equation (8) yields ( p · q )

F (j) ( x ) = f (j) ( x) ¡ Aj¡1 ( f )

2
¡

q¡1X

k=j

Ak ( f ) Bk¡j ( x) ; j = 1 ; ¢ ¢ ¢ ; p¡ 1 : ( 1 0 )

Therefore

·F (j)
n = ·f (j)

n ¡
q¡1X

k=j

Ak ( f ) ·Bk¡j;n; n 6= 0 ; j = 1 ; ¢ ¢ ¢ ; p¡ 1 ; ( 1 1 )

and

·F
(j)
0 = ·f

(j)
0 ¡ Aj¡1 ( f )

2
¡

q¡1X

k=j

Ak ( f ) ·Bk¡j;0; j = 1 ; ¢ ¢ ¢ ; p¡ 1 : ( 1 2 )

Approximation of F in (8) by Tp;N ( f ) , for q ¸ p, leads to the following Hermite
interpolation that we will call Hermite-K rylov-L anczos interpolation

1 7



Tq;p;N ( f ) ( x ) :=

N(1+¾)X

m=¡N(1¡¾)

p¡1X

j=0

·F (j)
m

[p¡1
2

]X

k=¡[ p
2
]

ck;j ( m ) ei¼(m+k(2N+1))x

+

q¡1X

k=0

Ak ( f ) Bk ( x ) ; q ¸ p; ( 1 3 )

where the coefficients ·F (j)
m are defined by (9), (11), and (12).

Integration of the interpolation (13) over the interval ( ¡1 ; 1 ) leads to the fol-
lowing quadrature formula that we will call Hermite-K rylov-L anczos quadrature

Qq;p;N ( f ) :=

Z 1

¡1
Tq;p;N ( f ) ( x ) dx =

2

[p¡1
2

]Y

`=¡[p=2]
6̀=0

`

p¡1X

j=0

( ¡1 ) j½j+1 ( 0 )

( i¼ ) j ( 2 N + 1 ) j+1

NX

k=¡N
F (j) ( xk ) ; q ¸ p; ( 1 4 )

where for F (j) ( x) we have representation (10).
We put

Rq;p;N ( f ) ( x ) := f ( x ) ¡ Tq;p;N ( f ) ( x ) ; rq;p;N ( f ) :=

Z 1

¡1
f ( x ) dx¡Qq;p;N ( f ) ;

and by jjf jj we denote the standard norm in the space L2 ( ¡ 1 ; 1 )

jjf jj :=

µZ 1

¡1
jf ( x ) j2dx

¶1=2

:

The next theorem reveals the asymptotic behavior of the trigonometric Her-
mite interpolation.

T heor em 0.3 L et f 2 Cq[¡ 1 ; 1 ], q ¸ 1 be such that f (q) is absolutely continuous on

[¡1 ; 1 ]. Then the following estimate holds ( q ¸ p)

lim
N!1

( 2 N + 1 ) q+
1
2kRq;p;N ( f ) k = jAq ( f ) jt( q; p) ;

t( q; p) :=
1p

2 ¼q+1

ÃZ 1+¾
2

¡ 1¡¾
2

[p¡1
2

]X

k=¡[p
2
]

¯̄
¯̄
¯

p¡1X

j=0

¯k;j ( x)
X

s

¤ ( ¡1 ) s

( x + s) q¡j+1

¯̄
¯̄
¯

2

dx +
2 2q+2

( 2 q + 1 ) p2q+1

! 1
2

;

where
X

s

¤
:=

¡[ p
2
]¡1X

s=¡1
+

1X

s=[p¡1
2

]+1

;

and the ¯k;j are de¯ned by (5).
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In the next theorem we reveal the asymptotic behavior of the Hermite-Krylov-
Lanczos quadrature.

T heor em 0.4 L et f 2 Cq[¡ 1 ; 1 ], q ¸ 1 be such that f (q) is absolutely continuous on

[¡1 ; 1 ]. Then the following estimate holds ( q ¸ p)

lim
N!1

( 2 N + 1 ) q+1rq;p;N ( f ) =
Aq ( f )

( i¼ ) q+1

[p¡1
2

]Y

`=¡[p
2
]

6̀=0

`

p¡1X

j=0

( ¡ 1 ) j½j+1 ( 0 )
X

s

¤ ( ¡ 1 ) s

sq¡j+1
;

where
X

s

¤
:=

¡[ p
2
]¡1X

s=¡1
+

1X

s=[p¡1
2

]+1

;

and the ½s ( x) are de¯ned by (6).

4. Consider the following simple function

f ( x) = s in ( x¡ 1 ) : ( 1 5 )

In Table the uniform errors m a x
jxj·1

jRq;p;N ( f ) ( x ) j are presented for various values
of p, q and N = 1 while interpolating the function (15) by the Hermite-Krylov-
Lanczos interpolation. We see that the errors vary from the value 0 : 1 5 (p = q = 1 )
to the value 3 ¢ 1 0 ¡15 (q = 1 0 and p = 6 ). Hence, using the same number of nodes
( 2 N + 1 = 3 ) we increase the precision of the quadrature by increasing the values
of parameters p and q.

The uniform errors while approximating the function (15) by the
Hermite-Krylov-Lanczos interpolation for various values of the parameters p and

q. Here, N = 1 .
q n p 1 2 3 4 5 6

1 0 :1 5 ¡ ¡ ¡ ¡ ¡
2 6 :4 ¢ 1 0 ¡3 2 :4 ¢ 1 0 ¡3 ¡ ¡ ¡ ¡
3 2 :4 ¢ 1 0 ¡3 6 :7 ¢ 1 0 ¡4 2 :6 ¢ 1 0 ¡4 ¡ ¡ ¡
4 1 :8 ¢ 1 0 ¡4 2 :5 ¢ 1 0 ¡5 4 :9 ¢ 1 0 ¡6 2 : 3 ¢ 1 0 ¡6 ¡ ¡
5 5 :2 ¢ 1 0 ¡5 5 :9 ¢ 1 0 ¡6 9 :9 ¢ 1 0 ¡7 4 : 4 ¢ 1 0 ¡7 1 :9 ¢ 1 0 ¡7 ¡
6 4 :7 ¢ 1 0 ¡6 2 :9 ¢ 1 0 ¡7 2 :4 ¢ 1 0 ¡8 7 : 7 ¢ 1 0 ¡9 2 :4 ¢ 1 0 ¡9 1 :2 ¢ 1 0 ¡9

7 1 :2 ¢ 1 0 ¡6 5 :7 ¢ 1 0 ¡8 3 :8 ¢ 1 0 ¡9 1 : 1 ¢ 1 0 ¡9 3 :3 ¢ 1 0 ¡10 1 :6 ¢ 1 0 ¡10

8 1 :2 ¢ 1 0 ¡7 3 :2 ¢ 1 0 ¡9 1 :1 ¢ 1 0 ¡10 2 :4 ¢ 1 0 ¡11 4 :7 ¢ 1 0 ¡12 1 :9 ¢ 1 0 ¡12

9 3 :1 ¢ 1 0 ¡8 5 : 8 ¢ 1 0 ¡10 1 :5 ¢ 1 0 ¡11 2 :9 ¢ 1 0 ¡12 5 :4 ¢ 1 0 ¡13 2 :1 ¢ 1 0 ¡13

1 0 3 :1 ¢ 1 0 ¡9 3 : 6 ¢ 1 0 ¡11 4 :5 ¢ 1 0 ¡13 6 :9 ¢ 1 0 ¡14 8 :5 ¢ 1 0 ¡15 2 :7 ¢ 1 0 ¡15
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A. V. Poghosyan

Fourier Formulae for Equidistant Hermite Trigonometric Interpolation

A sequence of Hermite trigonometric interpolation polynomials with equidistant in-

terpolation nodes and uniform multiplicities is investigated. We derive relatively compact

formula that gives the interpolants as functions of the coefficients in the DFTs of the

derivative values. The coefficients can be calculated by the FFT algorithm. Correspond-

ing quadrature formulae are derived and explored. Convergence acceleration based on

the Krylov-Lanczos approach for accelerating both the convergence of interpolation and

quadrature is considered. Exact constants of the asymptotic errors are obtained and some

numerical illustrations are presented.

². ì. äáÕáëÛ³Ý

Ð»ñÙÇïÇ »é³ÝÏÛáõÝ³ã³÷³Ï³Ý Ñ³í³ë³ñ³Ñ»é ÇÝï»ñåáÉÛ³óÇ³ÛÇ Ñ³Ù³ñ üáõñÇ»Ç

µ³Ý³Ó»õ

àõëáõÙÝ³ëÇñíáõÙ ¿ Ð»ñÙÇïÇ »é³ÝÏÛáõÝ³ã³÷³Ï³Ý ÇÝï»ñåáÉÛ³óÇ³Ý Ñ³í³ë³ñ³Ñ»é

ó³ÝóÇ íñ³ »õ í»ñçÇÝÇë Ñ³Ù³ñ Ý»ñÏ³Û³óíáõÙ ¿ µ³ó³Ñ³Ûï µ³Ý³Ó»õ ýáõÝÏóÇ³ÛÇ »õ Ýñ³

³Í³ÝóÛ³ÉÝ»ñÇ üáõñÇ»Ç ¹ÇëÏñ»ï Ó»õ³÷áËáõÃÛáõÝÝ»ñÇ ï»ñÙÇÝÝ»ñáí: àõëáõÙÝ³ëÇñíáõÙ ¿

ÇÝï»ñåáÉÛ³óÇ³ÛÇ ½áõ·³ÙÇïáõÃÛ³Ý ³ñ³·³óÙ³Ý ËÝ¹ÇñÁ ÎéÇÉáí-È³ÝóáßÇ Ñ³ÛïÝÇ Ùáï»ó-

Ù³Ý ÏÇñ³éÙ³Ùµ: ¼áõ·³Ñ»é³µ³ñ áõëáõÙÝ³ëÇñíáõÙ »Ý Ñ³Ù³å³ï³ëË³Ý ù³é³Ïáõë»ÉÇáõ-

ÃÛ³Ý µ³Ý³Ó»õ»ñÁ: ¸Çï³ñÏíáõÙ »Ý ½áõ·³ÙÇïáõÃÛ³Ý Ñ³ñó»ñ, ëï³óíáõÙ »Ý ëË³É³ÝùÇ

³ëÇÙåïáïáñ»Ý ×ß·ñÇï ·Ý³Ñ³ï³Ï³ÝÝ»ñ: Âí³ÛÇÝ ³ñ¹ÛáõÝùÝ»ñÁ Ý»ñÏ³Û³óÝáõÙ »Ý Ù»Ãá¹Ç

ÑÝ³ñ³íáñáõÃÛáõÝÝ»ñÁ:

À. Â. Ïîãîñÿí

Ôîðìóëà Ôóðüå äëÿ Ýðìèòîâîé òðèãîíîìåòðè÷åñêîé ðàâíîîòñòîÿùåé èíòåðïîëÿöèè

Èçó÷åíà Ýðìèòîâà òðèãîíîìåòðè÷åñêàÿ èíòåðïîëÿöèÿ íà ðàâíîìåðíîé ñåòè è

ïðåäñòàâëåíà ÿâíàÿ ôîðìóëà, êîòîðàÿ ðåàëèçóåòñÿ ïîñðåäñòâîì äèñêðåòíîãî ïðå-

îáðàçîâàíèÿ Ôóðüå çíà÷åíèé ôóíêöèè è åå ïðîèçâîäíûõ. Ðàññìàòðèâàåòñÿ çàäà÷à

2 0



óñêîðåíèÿ ñõîäèìîñòè èíòåðïîëÿöèè ïðèìåíåíèåì ïîäõîäà Êðûëîâà–Ëàíöîøà.

Ïàðàëëåëüíî èññëåäîâàíû ñîîòâåòñòâóþùèå êâàäðàòóðíûå ôîðìóëû. Ïîëó÷åíû

àñèìïòîòè÷åñêè òî÷íûå îöåíêè îøèáîê èíòåðïîëÿöèé è êâàäðàòóð. Ðåçóëüòàòû

÷èñëåííûõ ýêñïåðèìåíòîâ ïîäòâåðæäàþò òî÷íîñòü òåîðåòè÷åñêèõ îöåíîê.
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