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Êëþ÷åâûå ñëîâà: ðÿäû Ôóðüå, óñêîðåíèå ñõîäèìîñòè, êâàçèïîëèíîìèàëüíûé

ìåòîä, àñèìïòîòè÷åñêèå îöåíêè

1. Àïïðîêñèìàöèÿ ãëàäêîé íà êîíå÷íîì èíòåðâàëå [¡ 1 ; 1 ] ôóíêöèè f ( x)

÷àñòè÷íûì ðÿäîì Ôóðüå

SN ( f ) =
NX

n=¡N
fne

i¼nx; fn =
1

2

Z 1

¡1
f ( x) e¡i¼nxdx ( 1 )

íåýôôåêòèâíà, åñëè ðàçëàãàåìàÿ ôóíêöèÿ, ïðîäîëæåííàÿ 2-ïåðèîäè÷åñêè íà
âñþ ÷èñëîâóþ îñü, íå îáëàäàåò äîñòàòî÷íîé ãëàäêîñòüþ. Ýòî ïðåæäå âñåãî
îòíîñèòñÿ ê êóñî÷íî-ãëàäêèì ôóíêöèÿì.

Â ðàáîòàõ [1-3] ðàçðàáîòàí è èçó÷åí ìåòîä óñêîðåíèÿ ñõîäèìîñòè ðàçëî-
æåíèÿ ( 1 ) , îñíîâàííûé íà ïðèìåíåíèè àïïðîêñèìàíòîâ Ïàäå [4] ê àñèìòîòè-
÷åñêîìó ðàçëîæåíèþ êîýôôèöèåíòîâ Ôóðüå ( 1 ) . Ðåçóëüòàòîì òàêîãî ïîäõîäà
ÿâëÿåòñÿ êâàçèïîëèíîìèàëüíîå ïðèáëèæåíèå (QP-ìåòîä), êîòîðîå îáîáùàåò
õîðîøî èçâåñòíîå ðàíåå ïîëèíîìèàëüíîå ïðèáëèæåíèå (P-ìåòîä), èçó÷åííîå
â ðàáîòàõ [5-9]. Ïðèíöèïèàëüíîå çíà÷åíèå èìååò èñïîëüçîâàíèå ñêà÷êîâ
ðàçëàãàåìîé ôóíêöèè è åå ïðîèçâîäíûõ â òî÷êàõ ðàçðûâà. Â íàñòîÿùåé
ðàáîòå ïðîäîëæàþòñÿ èññëåäîâàíèÿ, íà÷àòûå â [1-3]. Îñíîâíûì ðåçóëüòàòîì
äàííîé ðàáîòû ÿâëÿåòñÿ òî÷íàÿ L2 êîíñòàíòà àñèìïòîòè÷åñêîé îøèáêè ïðè
àïïðîêñèìàöèè ãëàäêîé ôóíêöèè ìåòîäîì QP, ñ ïðèáëèæåííûì âû÷èñëåíèåì
ñêà÷êîâ ðàçëàãàåìîé ôóíêöèè.

2. Äëÿ f 2 Cq[¡1 ; 1 ] îáîçíà÷èì

Ak = f (k) ( 1 ) ¡ f (k) ( ¡ 1 ) ; k = 0 ; ¢ ¢ ¢ ; q:
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Åñëè k < 0 , òî ïðèìåì Ak = 0 . Ðàññìîòðèì òåïåðü êîíå÷íóþ ïîñëåäîâàòåëü-
íîñòü êîìïëåêñíûõ ÷èñåë µ := fµkgpk=1; p ¸ 1 è îáîçíà÷èì

¢ 0
k ( µ ) = Ak; k · q; ¢ s

k ( µ ) = ¢ s¡1
k ( µ ) + µs ¢

s¡1
k¡1 ( µ ) ; k · q; s ¸ 1 : ( 2 )

Ñëåäóÿ ðàáîòàì [1-3], ðàññìîòðèì ñëåäóþùåå êâàçèïîëèíîìèàëüíîå ïðèáëè-
æåíèå (QP-ìåòîä) äëÿ f 2 Cq[¡1 ; 1 ]:

SN;q;m ( f ) = Q ( x ) + SN ( P ) ; 1 · m · q ¡ 1 ; ( 3 )

ãäå

Q ( x) =
1X

n=¡1
n6=0

Qne
i¼nx; P ( x) =

1X

n=¡1
Pne

i¼nx; P0 = f0; ( 4 )

Qn =
( ¡ 1 ) n+1 ( i¼n) m

2
Qm
s=1 ( i¼n + µs )

q¡m¡1X

k=0

¢ m
k ( µ )

( i¼n) k+1
; ( 5 )

Pn = fn ¡Qn =
( ¡ 1 ) n+1

2 ( i¼n) q+1

mX

k=1

µk ¢
k¡1
q¡1 ( µ ) ( i¼n) k

Qk
s=1 ( i¼n + µs )

+

+
( ¡1 ) n+1 ( i¼n) m

2
Qm
k=1 ( i¼n + µk )

q¡1X

k=q¡m

¢ m
k ( µ )

( i¼n) k+1
+

1

2 ( i¼n) q

Z 1

¡1
f (q) ( t) e¡i¼ntdt: ( 6 )

×èñëà µk îïðåäåëèì èç ñèñòåìû

¢ m
k ( µ ) = 0 ; k = q ¡m; ¢ ¢ ¢ ; q ¡ 1 : ( 7 )

Âàæíî îòìåòèòü, ÷òî â ñëó÷àå µ1 = µ2 = ¢ ¢ ¢ = µm = 0 ìåòîä QP ñîâïàäàåò ñ
P-ìåòîäîì SN;q ( f ) , îïðåäåëåííûì ôîðìóëîé

SN;q ( f ) =
NX

n=¡N

Ã
fn ¡

q¡1X

k=0

AkBk;n

!
ei¼nx +

q¡1X

k=0

AkBk ( x) ; ( 8 )

ãäå ôóíêöèè Bk ( x) (2-ïåðèîäè÷åñêîå ïðîäîëæåíèå íà âñþ ÷èñëîâóþ îñü
ïîëèíîìîâ Áåðíóëëè) èìåþò êîýôôèöèåíòû Ôóðüå

Bk;n =

(
0 ; n = 0
(¡1)n+1
2(i¼n)k+1

; n = § 1 ;§ 2 ; : : :
( 9 )

Îáîçíà÷èì òåïåðü ÷åðåç k¢k íîðìó â ïðîñòðàíñòâå L2[¡1 ; 1 ]. Èìååò ìåñòî
ñëåäóþùèé ðåçóëüòàò.
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Òåîðåìà 1. Ïóñòü q ¸ 0 , f 2 Cq[¡1 ; 1 ] è f (q) 2 AC[¡ 1 ; 1 ]. Òîãäà

lim
N!1

N q+ 1
2kf ¡ SN;q ( f ) k = jAqjc1 ( q ) ; c1 ( q ) =

1

¼q+1
p

2 q + 1
: ( 1 0 )

Îáîçíà÷èì Umr = ( Ak¡s+r ) mk;s=1.
Òåîðåìà 2. Ïóñòü q ¸ 1 , f 2 Cq[¡1 ; 1 ] è f (q) 2 AC[¡ 1 ; 1 ]. Åñëè

d e t Umq¡m¡1 6= 0 ; m · q ¡ 1 ;

è ïîñëåäîâàòåëüíîñòü fµg îïðåäåëåíà èç ñèñòåìû ( 7 ) , òî èìååò ìåñòî îöåíêà

lim
N!1

N q+ 1
2kf ¡ SN;q;m ( f ) k = d1;m ( q ) ; d1;m ( q ) =

¯̄
¯̄ d e t Um+1q¡m
d e t Umq¡m¡1

¯̄
¯̄ c1 ( q ) : ( 1 1 )

Ñðàâíèâ ôîðìóëû SN;q è SN;q;m, ìû âèäèì, ÷òî, - ïðè èñïîëüçîâàíèè òåõ
æå ñêà÷êîâ fAkgqk=1, - ïîðÿäîê ñõîäèìîñòè ê f îäèíàêîâ. Îäíàêî ïðèìåíåíèå
ïðåäëàãàåìîé íåëèíåéíîé àïïðîêñèìàöèè ïîòåíöèàëüíî ïðåäïî÷òèòåëüíåé
ïî òîé ïðîñòîé ïðè÷èíå, ÷òî îíà òî÷íàÿ (ïðè äîñòàòî÷íî áîëüøèõ q; m è
òî÷íîì îïðåäåëåíèè ñêà÷êîâ) äëÿ êâàçèïîëèíîìîâ, ò.å. äëÿ ôóíêöèé âèäàPp
s=1 asx

nsewsx, ãäå fnsg öåëûå íåîòðèöàòåëüíûå ÷èñëà è fwsg ½ C, â òî âðåìÿ
êàê P-ìåòîä òî÷åí òîëüêî äëÿ ïîëèíîìîâ.

3. Ïðàêòè÷åñêîå ïðèìåíåíèå àïïðîêñèìàöèè SN;q è SN;q;m ñâÿçàíî ñ
ïðèáëèæåííûì îïðåäåëåíèåì ñêà÷êîâ Ak. Êàê ïîêàçàíî, íàïðèìåð â [8] è
[9], ïðèáëèæåííûå çíà÷åíèÿ eAk ñêà÷êîâ Ak ìîæíî âû÷èñëèòü ñ ïîìîùüþ

êîýôôèöèåíòîâ Ôóðüå. Çàìåòèâ, ÷òî âåëè÷èíû fn ¡
q¡1X

k=0

AkBk;n àñèìïòîòè÷åñêè

óáûâàþò äëÿ áîëüøèõ jnj, ïîëó÷èì ñëåäóþùóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé
äëÿ îïðåäåëåíèÿ ïðèáëèæåííûõ ñêà÷êîâ eAk, k = 0 ; : : : ; q ¡ 1 :

fn =

q¡1X

k=0

eAkBk;n; n = n1; n2; : : : ; nq: ( 1 2 )

Òàêèì îáðàçîì, äëÿ äàííîãî N âûáèðàþòñÿ q ðàçëè÷íûõ èíäåêñîâ

n1 = n1 ( N ) ; n2 = n2 ( N ) ; : : : ; nq = nq ( N )

äëÿ ðåøåíèÿ ñèñòåìû ( 1 2 ) . Ðåøàÿ, ïîëó÷èì çíà÷åíèÿ eAk, êîòîðûå, êàê
ïîêàçûâàåò íèæåñëåäóþùàÿ òåîðåìà, àïïðîêñèìèðóþò ñêà÷êèAk äëÿ áîëüøèõ
N .

Òåîðåìà 3. Ïóñòü q ¸ 1 è èíäåêñû ns = ns ( N ) âûáðàíû òàê, ÷òî

lim
N!1

ns
N

= cs 6= 0 ; s = 1 ; : : : ; q; ( 1 3 )
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è ïóñòü ® íàèáîëüøåå ÷èñëî îäèíàêîâûõ ýëåìåíòîâ â ïîñëåäîâàòåëüíîñòè
c1; c2; : : : ; cq.

Òîãäà äëÿ f 2 Cq+®¡1[¡ 1 ; 1 ], f (q+®¡1) 2 AC[¡ 1 ; 1 ], èìååò ìåñòî îöåíêà

eAj = Aj ¡ Aq
Âj

( i¼N ) q¡j
+ o( N¡q+j ) ; N !1; j = 0 ; : : : ; q ¡ 1 ; ( 1 4 )

ãäå êîíñòàíòû Âj ÿâëÿþòñÿ êîýôôèöèåíòàìè ñëåäóþùåãî ïîëèíîìà:

qY

s=1

µ
x¡ 1

cs

¶
=

qX

s=0

Âsx
s: ( 1 5 )

Åñëè â SN;q èñïîëüçóþòñÿ ïðèáëèæåííûå çíà÷åíèÿ eAk, òî ñîîòâåòñòâóþ-
ùóþ àïïðîêñèìàöèþ îáîçíà÷èì ÷åðåç eSN;q:

eSN;q ( f ) =
NX

n=¡N

Ã
fn ¡

q¡1X

k=0

eAkBk;n
!

ei¼nx +

q¡1X

k=0

eAkBk ( x) : ( 1 6 )

Ñëåäóþùàÿ òåîðåìà õàðàêòåðèçóåò àïïðîêñèìàöèþ eSN;q â L2-ìåòðèêå.

Òåîðåìà 4. Ïóñòü óñëîâèÿ òåîðåìû 3 âûïîëíåíû. Òîãäà èìååò ìåñòî
ñëåäóþùàÿ àñèìïòîòè÷åñêàÿ îöåíêà:

lim
N!1

N q+ 1
2kf ¡ eSN;qk = jAqjc2 ( q ) ; ( 1 7 )

ãäå

c2 ( q ) =
1p

2 ¼q+1

ÃZ 1

¡1

qY

s=1

³
x¡ 1

cs

´2
dx

!1=2
: ( 1 8 )

Åñëè â SN;q;m èñïîëüçóþòñÿ ïðèáëèæåííûå çíà÷åíèÿ eAk, òî ñîîòâåòñòâó-
þùóþ àïïðîêñèìàöèþ îáîçíà÷èì ÷åðåç eSN;q;m:

eSN;q;m ( f ) = eQ( x) +
NX

n=¡N

³
fn ¡ eQn

´
ei¼nx; ( 1 9 )

ãäå

eQn =
( ¡ 1 ) n+1 ( i¼n) m

2
Qm
s=1 ( i¼n + ´s )

q¡m¡1X

k=0

±mk ( ´ )

( i¼n) k+1
; ( 2 0 )

÷èñëà ±mk ( ´ ) îïðåäåëåíû ðåêóððåíòíî

±0k ( ´ ) = eAk; ±sk = ±s¡1k ( ´ ) + ´s±
s¡1
k¡1 ( ´ ) ; k ¸ 1 ;

1 6



à ïîñëåäîâàòåëüíîñòü ´ = f´kgmk=1 îïðåäåëÿåòñÿ èç ñèñòåìû

±mk ( ´ ) = 0 ; k = q ¡m; ¢ ¢ ¢ ; q ¡ 1 : ( 2 1 )

Ïîñëå íåñëîæíûõ âû÷èñëåíèé ïîëó÷èì

eRN;q;m ( f ) := f ( x) ¡ SN;q;m ( f ) =
X

jnj>N
Pne

i¼nx +
X

jnj>N
( Qn ¡ eQn ) ei¼nx: ( 2 2 )

Ïðèâåäåì òåïåðü àíàëîã òåîðåìû 4 äëÿ àïïðîêñèìàöèè eSN;q;m â ÷àñòíîì
ñëó÷àå m = 1 .

Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3 è Aq¡2 6= 0 . Òîãäà èìååò
ìåñòî àñèìïòîòè÷åñêàÿ îöåíêà

lim
N!1

N q+ 1
2k eRN;q;1 ( f ) k = d2 ( q ) ; ( 2 3 )

d2 ( q ) =
1p

2 ¼q+1

0
@
Z 1

¡1

¯̄
¯̄
¯Aq

qY

s=1

µ
x¡ 1

cs

¶
¡ A2q¡1

Aq¡2
xq

¯̄
¯̄
¯

2

dx

1
A
1=2

:

Ñðàâíåíèå òåîðåì 1 è 4 ïîêàçûâàåò, ÷òî ñîîòíîøåíèå c2=c1 õàðàêòåðèçóåò
ýôôåêòèâíîñòü P-ìåòîäà ïðè èñïîëüçîâàíèè òî÷íûõ çíà÷åíèé ñêà÷êîâ (SN;q)
ïî ñðàâíåíèþ ñî ñëó÷àåì, êîãäà èñïîëüçóþòñÿ ïðèáëèæåííûå çíà÷åíèÿ,
ïîëó÷åííûå èç ñèñòåìû ( 1 2 ) (eSN;q). Çàìåòèì, ÷òî óêàçàííîå ñîîòíîøåíèå
íå çàâèñèò îò êîíêðåòíîé ôóíêöèè, à çàâèñèò òîëüêî îò ñïîñîáà ïîëó÷åíèÿ
ïðèáëèæåíèÿ ê Ak. Íàïðèìåð, ìîæíî ïîêàçàòü, ÷òî ïðè ñëåäóþùåì âûáîðå
ïîñëåäîâàòåëüíîñòè ns (m =

£
q
2

¤
)

¡N · n1; ¢ ¢ ¢ ; nm · ¡N + c; N ¡ c · n1; ¢ ¢ ¢ ; nq · N;

ãäå c íåêîòîðàÿ êîíñòàíòà, c2 ( q ) èìååò âèä

c2 ( q ) =

8
>>><
>>>:

2 q q!

¼q+1
1p

( 2 q + 1 ) !
; q = 2 m;

2 q q!

¼q+1

p
q + 1p

q ( 2 q + 1 ) !
; q = 2 m + 1 :

( 2 4 )

Ñ ïîìîùüþ ôîðìóëû Ñòèðëèíãà ìîæíî ïîêàçàòü, ÷òî â ýòîì ÷àñòíîì ñëó÷àå

c2 ( q )

c1 ( q )
¼
(

( ¼q ) 1=4; q = 2 m;

( ¼q ) 1=4
q

1 + 1
q
; q = 2 m + 1 :
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Ñîîòíîøåíèå d1;1 ( q ) =d2 ( q ) òàêæå õàðàêòåðèçóåò àïïðîêñèìàöèîííûå
ñâîéñòâà ìåòîäîâ SN;q;1 è eSN;q;1, òîëüêî â ýòîì ñëó÷àå ýòî ñîîòíîøåíèå çàâèñèò
íå òîëüêî îò ñïîñîáà âû÷èñëåíèÿ ñêà÷êîâ, íî è îò êîíêðåòíîé ôóíêöèè
(òî÷íåå, îò åå ñêà÷êîâ). Ðàññìîòðèì ÷àñòíûé ïðèìåð

f ( x) = J0 ( 4 x¡ 1 ) ; ( 2 5 )

çäåñü J0 ôóíêöèÿ Áåññåëÿ. Â òàáëèöå ïîêàçàíî ñîîòíîøåíèå d1;1 ( q ) =d2 ( q ) äëÿ
( 2 5 ) ïðè ðàçëè÷íûõ çíà÷åíèÿõ q.

Ñîîòíîøåíèå d1;1 ( q ) =d2 ( q ) äëÿ ( 2 5 ) ïðè ðàçëè÷íûõ çíà÷åíèÿõ q

q 2 3 4 5 6 7

d1;1 ( q ) =d2 ( q ) 1.14 0.83 1.46 0.97 1.54 0.96

Êàê âèäèì, â äàííîì ñëó÷àå ïðè íå÷åòíûõ çíà÷åíèÿõ q èñïîëüçîâàíèå
ïðèáëèæåííûõ çíà÷åíèé eAk ïðèâîäèò ê áîëåå òî÷íîé àïïðîêñèìàöèè.

Ðàññìîòðèì åùå íåñêîëüêî ÷àñòíûõ ñëó÷àåâ (m = 2 ; q = 3 è m = 3 ; q = 4 ).

Òåîðåìà 6. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3 ïðè q = 3 è A0 6= 0 . Òîãäà
èìååò ìåñòî àñèìïòîòè÷åñêàÿ îöåíêà

lim
N!1

N7=2k eRN;3;2 ( f ) k = d3; ( 2 6 )

d3 =
1p
2 ¼4

0
@
Z 1

¡1

¯̄
¯̄
¯A3

3Y

s=1

µ
x¡ 1

cs

¶
+

A31 ¡ 2 A0A1A2
A20

x3

¯̄
¯̄
¯

2

dx

1
A
1=2

:

Òåîðåìà 7. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3 ïðè q = 4 è A0 6= 0 . Òîãäà
èìååò ìåñòî àñèìïòîòè÷åñêàÿ îöåíêà

lim
N!1

N9=2k eRN;4;3 ( f ) k = d4; ( 2 7 )

d4=
1p
2 ¼5

0
@
Z 1

¡1

¯̄
¯̄
¯A4

4Y

s=1

µ
x¡ 1

cs

¶
+

3 A2A0A
2
1 ¡ A20A1A3 ¡ A22A

2
0 ¡ A1A3A

2
0 ¡A41

A30
x4

¯̄
¯̄
¯

2

dx

1
A
1=2

:

Ðàáîòà ïåðâîãî àâòîðà ïîääåðæàíà ãðàíòîì NFSAT GRSP 18/06.

Èíñòèòóò ìàòåìàòèêè ÍÀÍ ÐÀ
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è.Ð. ´³ñËáõ¹³ñÛ³Ý, ².ì. äáÕáëÛ³Ý

ØÇ ùí³½Çµ³½Ù³Ý¹³Ù³ÛÇÝ Ùáï³ñÏÙ³Ý ½áõ·³ÙÇïáõÃÛ³Ý Ù³ëÇÝ

²ßË³ï³ÝùáõÙ áõëáõÙÝ³ëÇñíáõÙ ¿ üáõñÇ»Ç ß³ñù»ñÇ ½áõ·³ÙÇïáõÃÛ³Ý ³ñ³·³óÙ³Ýª

Ý³ËÏÇÝáõÙ ³é³ç³ñÏí³Í ÙÇ »Õ³Ý³Ï [1], áñÁ ÑÇÙÝí³Í ¿ üáõñÇ»Ç ·áñÍ³ÏÇóÝ»ñÇ ³ëÇÙåïáï³-

Ï³Ý í»ñÉáõÍáõÃÛ³Ý ÝÏ³ïÙ³Ùµ ä³¹»Ç ³åñáùëÇÙ³ÝïÝ»ñÇ ÏÇñ³éáõÃÛ³Ý íñ³: ÆÝãå»ë óáõÛó ¿

ïñí»É Ý³ËÏÇÝáõÙ‘ ³Ûë Ùáï»óáõÙÁ µ³í³Ï³Ý ³ñ¹ÛáõÝ³í»ï ¿, ¨ Áëï ¿áõÃÛ³Ý Çñ³Ï³Ý³óÝáõÙ ¿

½áõ·³ÙÇïáõÃÛ³Ý ßïÏáõÙ ùí³½Çµ³½Ù³Ý¹³ÙÝ»ñÇ û·ÝáõÃÛ³Ùµ: ÐÇÙÝ³Ï³Ý åñáµÉ»ÙÁ Ùáï³ñÏíáÕ

ýáõÝÏóÇ³ÛÇ ÃéÇãùÝ»ñÇ Ùáï³íáñ Ù»Í ×ßïáõÃÛ³Ùµ Ñ³ßíáõÙÝ ¿: ²ßË³ï³ÝùáõÙ ëï³óí»É ¿

³ëÇÙåïáï³Ï³Ý ëË³ÉÇ ×ß·ñÇï ·Ý³Ñ³ï³Ï³Ý ÙÇ Ù³ëÝ³íáñ ¹»åùÇ Ñ³Ù³ñ, »ñµ ÃéÇãùÝ»ñÁ

áñáßíáõÙ »Ý ·Í³ÛÇÝ Ñ³Ù³Ï³ñ·Ç ÉáõÍÙ³Ý û·ÝáõÃÛ³Ùµ:

R.H. Barkhudaryan, A.V. Poghosyan

On the Convergence of Some Quasipolynomial Approximation

In this article we invesigate a method of Fourier series acceleration for functions smooth in the

interval [-1,1]. The main idea is the apllication of Pade approximants to an asymptotic expansion of

Fourier coefficients. This approach is rather efficient and as was shown before actually corrects the

Gibbs phenomenon by the means of quasipolynomials. The efficiency of realization is based on the

precision of the approximate jumps calculating. Here we derive exact estimate in a particular case for

asymptotic error when approximate jumps are calculated from a system of linear equations.
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